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Abstract. The spinor helicity formalism (SHF) has been efficiently applied to compute
perturbative amplitudes in plenty of processes and reactions in gauge theories (including
gravity), mostly in the massless case. Some work has been done in order to extend the
SHF to the massive case. We have used these powerful tools to evaluate amplitudes in a
local supersymmetric model where the gravitino is the lightest supersymmetric particle (LSP).
Two decays have been evaluated in order to show the capability of the SHF in the massive
extension, namely the two body neutralino decays χ˜0 → V Ψ˜
µ with V = γ, Z. The comparisons
of amplitudes with spin-3/2 gravitino and spin-1/2 goldstino are also presented.
1. Introduction
The traditional Feynman approach for perturbation theory has been developed for almost
sixty years, and it has been undoubtedly a magnificent tool to evaluate amplitudes in gauge
theories. Even with all the success of the Feynman rules, several computations for scattering
processes especially in QCD suffer the lack of accuracy in order to be tested experimentally.
Furthermore, processes with several external particles are extremely complicated to calculate
with the traditional perturbative approach [1]. Recent developments for tree-level scattering
amplitudes in the massless case using the helicity methods are now widely used [2, 3, 4, 5, 6, 7],
allowing to efficiently evaluate amplitudes for processes with n external legs in pure Yang-Mills
theories. A huge theoretical progress has been done during the last two decades in this active
and growing field, making manifest certain mathematical structures that underlie quantum field
theories [8, 9, 10, 11, 12, 13].
We shall try to present a pragmatic approach in this work, starting still a` la Feynman,
building the scattering amplitudes from the Feynman diagrams but expressing the usual spinors
(in any representation) appearing in the amplitudes as momentum twistors, this step shall hugely
facilitate the calculations, as we shall see later. This is one of the goals of the SHF. Addressing
the massive case requires the implementation of the so-called light cone decomposition (LCD) for
the massive momenta [14, 15, 16, 17]. This technique allow us to express a massive momentum,
namely p2 = −m2 as a lineal combination of two massless momentum pi = ri + αqi where
r2i = q
2
i = 0 and α = − m
2
2qi·ri . Several processes of the electroweak Standard Model have been
evaluated using the massive SHF in Ref. [18], reproducing the well known results. More recently
we have implemented this method for N = 1 supergravity with LSP gravitinos [19], showing
that the formalism is well suitable for amplitudes involving massive gravitinos in the final state.
Considering scenarios where the gravitino is the LSP and hence a good dark matter candidate,
the nature of the next-to-lightest supersymmetric particle (NLSP) determines its phenomenology
[20, 21, 22, 23, 24]. Potential candidates for NLSP include the lightest neutralino [25, 26],
the chargino [27], and the lightest charged slepton [28]. The weakness of the gravitational
interactions suggest that the NLSP could have a long lifetime leading to scenarios with a
metastable charged sparticles that could have striking signatures at colliders [29, 30] and it
could also affect the Big Bang nucleosynthesis [31, 32, 33]. Here we shall consider several decay
modes for the neutralino as the NLSP. We also have considered the case when the gravitino
can be approximated by the goldstino state, this is for the region where the gravitino mass is
small compared to the neutralino mass m˜ ≪ mχ˜0 . This proceeding contribution is structured
as follows: Section 2 contains the solutions of the Rarita-Schwhinger equation for the gravitino.
The four states of the gravitino are expressed in terms of the momentum twistors after LCD is
applied. We shall see that this is the key to obtain compact expression for the decay amplitudes.
In Section 3 the helicity amplitudes (HAs) for the two decays (χ˜0 → V Ψ˜µ with V = γ, Z)
are shown in terms of very compact mathematical expressions, in addition the HAs with the
golsdtino approximation are also shown. Finally in Section 4 we present some final remarks and
comments.
2. Gravitino wave functions
2.1. Rarita-Schwinger equations
The wave function for massive gravitino is the solution of the Rarita-Schwhinger equation
[34], this equation of motion (EOM) results from applying the Euler-Lagrange to the following
lagrangian [35]
L = −1
2
ǫµνρσΨTµC
†γ5γν∂ρΨσ +
1
4
m˜ΨTµC
†[γµ, γν ]Ψν , (1)
the EOM for the gravitino are equivalent to the following equations [36]
γµΨµ = 0, (2)
∂µΨµ = 0, (3)
(iγµ∂µ − m˜)Ψµ = 0, (4)
where m˜ is the gravitino mass. Through all this work we shall use the following convention for
the Minkowski metric ηµν = diag(−1, 1, 1, 1), besides we have used the Dirac representation for
the gamma matrices where they take the following form
γµ =
(
0 σµ
σ¯µ 0
)
, (5)
with σµ = (1, ~σ) and σ¯µ = (1,−~σ). Returning to the EOM Eqs. (2)-(4), these admit the
following solution [36]
Ψ˜µ(~p, λ) =
∑
s,m
〈(
1
2
,
s
2
)
(1,m)
∣∣∣∣∣
(
3
2
, λ
)〉
u(~p, s)ǫµ(~p,m), (6)
this is a Clebsch-Gordon expansion with coefficient 〈(12 , s2) (1,m)∣∣∣ (32 , λ)〉, from Eq. (6), we know
that there are four gravitino states, explicitly they are as follows
Ψ˜µ++(p) = ǫ
µ
+(p)u+(p), (7)
Ψ˜µ−−(p) = ǫ
µ
−(p)u−(p), (8)
Ψ˜µ+(p) =
√
2
3
ǫµ0 (p)u+(p) +
1√
3
ǫµ+(p)u−(p), (9)
Ψ˜µ−(p) =
√
2
3
ǫµ0 (p)u−(p) +
1√
3
ǫµ−(p)u+(p). (10)
Replacing the momentum twistors in the four gravitino states Eqs. (7)-(10) is straightforward
(See Ref. [19] for more details). Dealing with HAs involving gravitinos in the final state expressed
now in these new variables shall avoid the large and messy expressions that appear when the
trace technology is used (most of the time handled with Mathematica), we have to remember
that the completeness relation for the gravitino takes the form
Dµν(p) =
3∑
λ˜=1
Ψ˜µ(~p, λ˜)Ψ˜ν(~p, λ˜) = −(/p+ m˜)×
[(
gµν − pµpν
m˜2
)
−1
3
(
gµσ − pµpσ
m˜2
)(
gνλ − pνpλ
m˜2
)
γσγλ
]
. (11)
Fortunately in the SHF the fundamental building block are the HAs (without square modulus)
and we shall not need Eq. (11), neither another completeness relation in general.
2.2. High energy equivalence theorem
We briefly discuss in this section the gravitino approximation to goldstino. When the gravitino
mass (m˜) is small compared to the energy of the process, it is possible to applicate the equivalence
theorem which roughly speaking allow us to replace the longitudinal components of the gravitino
by the derivative of the goldstino field [37, 38, 39, 40, 41, 42]. In practice the equivalence theorem
tell us that the four gravitino states Eqs. (7)-(10), go as follows; Ψ˜µ++(p) ≈ 0, Ψ˜µ−−(p) ≈ 0,
Ψ˜µ−(p) ≈
√
2
3
(
pµ
m˜
)
u−(p) and Ψ˜
µ
+(p) ≈
√
2
3
(
pµ
m˜
)
u+(p). At the end just two gravitino states
shall survive in this approximation, one advantage is that they just depend on spinors and not
anymore on the polarization vectors that makes calculations worse.
3. Decay Amplitudes with LSP gravitino/goldstino
In this section the idea is to present how the SHF works, with the amplitudes at hands the next
step is to write the spinors and polarization vectors (for the gravitino) as momentum twistors,
then the SHF makes its magic. We do not need to worry about addressing the massive case,
because a massive momentum twistor is expressed in terms of two massless one [15, 19]. In
this proceeding contribution two decay widths are worked out (χ˜0 → V ψ˜µ, V = γ, Z), both
within the local supersymmetric extension of the Standard Model with gravitino LSP in the
final state and with the neutralino as the NLSP. These calculations have been already evaluated
in References [43, 44, 45] using the Feynman approach with the trace technology.
3.1. Two-body Neutralino decay χ˜0 → Ψ˜µ γ
We build out the amplitudes for the two-body neutralino decays applying the Feynman rules
of Ref. [35] for the spin-3/2 gravitino interactions. We shall start with the decay χ˜0 → Ψ˜µ γ
corresponding to the diagram of Figure 1. The χ˜0(p1) denotes the neutralino with momentum
p1 and Ψ˜
µ(p2) represents the spin-3/2 gravitino (in the goldstino approximation will be G˜(p2)),
and γ(p3) denotes the photon with momentum p3. The amplitude reads as follows
Mλ1,λ2,λ3 =
Cχγ
4M
Ψ¯µλ2(p2)(p3ν [γ
ν , γσ ]γµ)ǫσλ3(p3)uλ1(p1). (12)
where Cχγ = Ui1 cos θW +Ui2 sin θW , Uij are the mixing matrices that diagonalize the neutralino
factor, M is the Plank mass, then λ1, λ2 and λ3 are the helicity labels corresponding to the
neutralino, gravitino and photon. After applying the SHF to the amplitude of Eq. (12), one
notice that there are in principle 16 HAs, but 14 of them vanish. The SHF helps to identify
the spurious quantities from the beginning, making the process to find physical observables
expeditious. The nonzero HAs are shown in the Table 1.
λ1, λ2, λ3 M3/2λ1, λ2, λ3
−,++,+ Cχγ [r2q2]2M〈r1r2〉 mχ˜0
−,−,− Cχγsr2q2√
3Mm˜[r2q2]
〈r2q2〉[r2r1]
Table 1. Helicity Amplitudes for the two-body neutralino decay χ˜0 → Ψ˜µ γ with LSP gravitino
in the final state. We are using sij = −(pi + pj)2 for the Mandesltam variable. There are two
more HAs (+,−−,+ and −,−,−), but they are the complex conjugate of the two shown in this
table, the same criterium shall apply to the next tables.
The squared and averaged amplitude takes the form
〈|M|2〉 = C
2
χγ
2M2
(|M−,++,+|2 + |M+,−−,−|2 + |M−,−,−|2 +M+,+,+|2) (13)
=
C2χγ
2M2
(
2
s2r2q2m
2
χ˜0
sr1r2
+ 2
s2r2q2
3m˜2
sr1r2
)
(14)
=
C2χγ
M2
(
(m2χ˜0 − m˜2)2
3m˜2
(3m˜2 +m2χ˜0)
)
(15)
=
C2χγm
6
χ˜0
M2
(
1− m˜
2
m2χ˜0
)2(
1
3
+
m˜2
m2χ˜0
)
. (16)
χ˜0(p1)
ǫµ(p3)
Ψ˜µ(p2)
Figure 1. Feynman diagram for the 2-body neutralino decay.
The result of Eq. (16) conduces to the right decay width found in Ref. [44, 45], but our
calculations result considerably simpler applying the SHF (massive).
We shall considerate now the approximation of the spin-3/2 gravitino to spin-1/2 goldstino, this
is due to the high energy equivalence theorem, physically the approximation is valid when the
split mass between fermions and bosons is larger than the gravitino mass. Some work has been
done in order to compare observables (lifetime τ) with gravitino and goldstino in the final state
[24], basically comparing the squared amplitudes. It shall be interesting to exploit the power of
the SHF for comparing the HAs with gravitino and goldstino for a given process or reaction.
The amplitude for the decay χ˜0 → G˜ γ with goldstino in the final state is the following
Mλ1,λ2,λ3 =
Cχγmχ˜0
2
√
6Mm˜
Ψ¯λ2(p2)(p3ν [γ
ν , γσ ])ǫσλ3(p3)uλ1(p1), (17)
the kinematics of the process remains the same in the approximation to goldstino, but now the
transversal degrees of freedom vanish. The nonzero HAs are shown in the Table 2
λ1, λ2, λ3 M1/2λ1, λ2, λ3
−,−,− Cχγsr2q2√
3Mm˜[r2q2]
〈r2q2〉[r2r1]
Table 2. Helicity Amplitudes for the two-body neutralino decay χ˜0 → G˜ γ with LSP goldstino
in the final state.
In Table 1 we show two HAs, one of them includes the transversal d.o.f. (−,++,+)
corresponding to the full gravitino contribution, but Table 2 shows just one HA, M1/2−,−,−, that
is in fact identically to the HA M3/2−,−,−.
The squared and averaged amplitude takes the following form
〈|M|2〉 = C
2
χγ
2M2
(|M−,−,−|2 + |M+,+,+|2) (18)
=
C2χγs
2
r2q2
3M2m˜2
sr2r1 (19)
=
C2χγ(m
2
χ˜0
− m˜2)2m2χ˜0
3M2m˜2
, (20)
this result can be obtained directly from Eq. (16) in the limit that the gravitino mass (m˜) is
small compared to the neutralino mass (mχ˜0).
3.2. 2-body neutralino decay χ˜0 → Ψ˜µ Z
In the case that the vector boson is massive (but neutral) the decay becomes χ˜0(p1) →
Ψ˜µ(p2)Z(p3). Some technical complications appear from having the Z boson in the final state
instead of the photon. The amplitude for this process with the spin-3/2 gravitino in the final
state is as follows
Mλ1,λ2,λ3 =
CχZ
4M
Ψ¯µλ2(p2)(p
ρ
3[γρ, γσ ]γ
µ)ǫσλ3(p3)uλ1(p1), (21)
where CχZ = −Ui1 sin θW + Ui2 cos θW , and everything else remains equal to the decay with a
photon in final state (χ˜0 → Ψ˜µ γ), but now the helicity label corresponding to the Z boson (λ3)
could be +,−, 0.
From the 24 possible HAs resulting of Eq. (21), the nonzero are shown in the Table 3.
λ1, λ2, λ3 M3/2λ1, λ2, λ3
+,−,+ CχZ√
3Mm˜sr2q2 [q2r2][r1q2]
(
m˜3M2Zsq2r1 + s
3
r2q2mχ˜0
)
−,−, 0
√
2CχZMZ〈r2q2〉√
3Msr2q2 〈r1q2〉
(m˜sq2r1 + sr2q2mχ˜0)
−,−−,+ − CχZ 〈r2q2〉
M〈r1q2〉[r2q2]2 (m˜M
2
Zmχ˜0 + sr2q2sq2r1)
Table 3. Helicity Amplitudes for the two-body Neutralino decay χ˜0 → Ψ˜µZ with LSP gravitino
in the final state.
The squared and averaged amplitude is as follows
〈|M|2〉 = C
2
χZ
2M2
(|M+,−,+|2 + |M−,+,−|2 + |M−,−,0|2 + |M+,+,0|2 + |M−,−−,+|2 + |M+,++,−|2)
(22)
=
C2χZ
M2
[
1
3m˜2s3r2q2sr1q2
(
m˜3M2Zsq2r1 + s
3
r2q2mχ˜0
)2
+
2M2Z
3sr2q2sq2r1
(sr2q2mχ˜0 + m˜sq2r1)
2
+
1
sq2r1sr2q2
(m˜mχ˜0M
2
Z + sq2r1sr2q2)
2
]
(23)
=
C2χZm
6
χ˜0
M2m˜2
[(
1− m˜
2
m2χ˜0
)2(
1
3
+
m˜2
m2χ˜0
)
− M
2
Z
m2χ˜0
(
1− M
2
Z
m2χ˜0
(
1− m˜
2
3m2χ˜0
)
− m˜
3
m3χ˜0
(
4− m˜
3mχ˜0
)
+
M4Z
3m4χ˜0
)]
, (24)
this result conduces to the known decay width found in [44, 45].
We repeat the process of the first example and approximate the gravitino to goldstino, then we
compute the HAs.
Mλ1,λ2,λ3 =
CχZmχ˜0
2
√
6Mm˜
Ψ¯λ2(p2)(p
ρ
3[γρ, γσ])ǫ
σ
λ3(p3)uλ1(p1), (25)
the nonzero HA are shown in the Table 4
λ1, λ2, λ3 M1/2λ1, λ2, λ3
+,−,+ CχZmχ˜0√
3Mm˜[q2r2][r1q2]
(
m˜mχ˜0M
2
Z + sr2q2sq2r1
)
−,−, 0 CχZMZmχ˜0 〈r2q2〉√
3Mm˜sr2q2 〈r1q2〉
(m˜sq2r1 + sr2q2mχ˜0)
Table 4. Helicity Amplitudes for the two-body Neutralino decay χ0 → Z G˜ with goldstino in
the final state.
We can notice in Table 3 that for the helicity labels λ1 = −, λ2 = − and λ3 = 0 the HA for
the gravitino is up to a factor of
√
2 the same HA with goldstino, this is M3/2−,−,0 =
√
2M1/2−,−,0.
Squaring and averaging the HAs of Table 4, these take the following form
〈|M|2〉 = (|M+,−,+|2 + |M−,+,+|2 + |M−,−,0|2 + |M+,+,0|2) (26)
=
C2χZm
2
χ˜0
M2m˜2sr2q2sq2r1
(
M2Z(mGsq2r1 + sr2q2mχ˜0)
2 + 2(m˜mχ˜0M
2
Z + sr2q2sq2r1)
2
)
(27)
=
2C2χZm
6
χ˜0
M2m˜2


(
1− m˜
2
m2χ˜0
)2
− M
2
Z
m2χ˜0
(
1
2
(
1− 6 m˜
mχ˜0
+
m˜2
m2χ˜0
)
+
M2Z
2m2χ˜0
)
 (28)
In the traditional Feynman approach with trace technology, the calculations of the squared
and averaged amplitudes with goldstinos are considerably simple, unlike amplitudes involving
gravitinos. However, when the SHF is implemented the calculations with gravitino are still
simple, and the helicity method is able to compute the decay widths without any approximation,
as we have shown.
4. Conclusions
In this proceeding, we have presented how the spinor helicity formalism is well suitable to
evaluate decay amplitudes, even in the massive case. Two examples have been recalculated
with the SHF (χ˜0 → V Ψ˜µ with V = γ, Z). Furthermore, we briefly discussed the high energy
equivalence theorem between gravitinos and goldstinos. It is possible in some cases to identify
how the helicity amplitudes with goldstinos appear as a helicity amplitudes with gravitinos (for
the longitudinal d.o.f.), this characteristic is dificult to identify in the traditional approach.
We shall study and discuss more relationships between gravitino and goldstino amplitudes for
another NLSP candidates in a future work to appear soon in a peer review journal.
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